1. (10 points) Evaluate the double integral

// xy dA,
D

where D is the triangular region with vertices at (0,0), (0,2), and (1, 1)

g D @ quen by oexel, xeys2-X.
l\\\ “Dx‘g dA = S:t*xﬂéﬂéxzﬁl %\t:xéx
\T—7 =%_S; (z-x\x—x”Au%_S; 4x-4ax dx

2. (10 points) Two planes are said to be orthogonal if their normal vectors are orthogonal.
Find the equation of a plane that is orthogonal to the plane x — 2y + 2z = 3 and contains
the line with parametric equation (x,y,z2) = (1 +2t,2 —t, —1 + 2t).

The P\ome R-24% 2=3 has o wnorwal
veckor w = (1, =2, \) .

2l

The [me gt = (1+2t, 2-€, =1 +2t)
hog @ divection vector V=02, 2) .

A normal vector T o the desived

-q
X-24+ 2 =3 plane (s ov-\'\/\oaovxo\\ o both WM and V.
SR =WMxv=(1,-2,0)%x(2"\,2)=(-3,0,3)

Moreover, the degived plane cowtoins the pomy P=Qw=C,21).

3 The desved ?\uwe (s gluewn \0*3 \—3()(-\)* 0-(94-2) +3(2+¥D) =°J

Note You cov choose o ddfevewt pomt ow the \we I('t)_



3. (10 points) Let F = zzi + yj + zk. Find the flux

/F-ndS

out of the surface of the tetrahedron with vertices at (0, 0,0), (1,0,0), (0, 1,0), and (0,0, 1).
Here n is the outward normal as usual.

S - the surface of 4we Tetvohedron with

ourward orienyation .

E - 4he <olid bounded \03 S .
= 2E=S % oviented outward

[ B4T =), -8 2 J]] dncrdv .

d0.am
X
E is bounded by +he plones X=0.49=0. 230, X+442 =\
% As o qeneral 1ip, the plone %*%«-% =\ has x-tfercept a,

y-Tntercept b, 2-Tntercept C.
The Shadow on the yz-plane = p&2 &l 0eyel-t.
For eoadn poTV\\' on the shadow > 0&X &V\-Y-T.
3 E s gven by peEel, 0£y=i\-t, 0&xe-4y-2.
F= (2 9.%) 2 du(F)= 2+l

SSS?.AE\ ? SHE Z+1dV =S:S:%S:T%2ﬂ Axégé% = S;S:% (1-94-2)(2%V) Aij
(R)
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4. Below F(z,y, 2) is a vector field and f(z,y, ) is scalar valued.
(a) (5 points) Find f such that F = V[ for F = zcosyi — 2z sinyj +  cos yk.
*The onswer for tWis part given on the ardive hag an ervor.
T—f' = (2 cooty), = X2 SM(Y), X Cos(4))
3 P=2045¢), &= -%Es), R= X cests))
curl(?) =(0,0.0) 3 \? @ conservative.
B=vf= P=f, 6=fy, R=F;
[ Pdn=| 2 coseqrdu =[xz o509

S Rdy = S —-%Z Sy Atﬁ =lx% C°5(‘3‘|
5 Rdz =S X cos(4) 42 =[x Co5(4)]
3ty ) = \xz— co5(9)|
(To QTV\A {:Oﬂﬂ.%), collect all termg wihout c\u?\?cc\\‘es)
N°i \(ou 33‘\' O c\t@e‘(evﬁ po‘\‘ew\:(a\ '(:QV\C‘\:(O\A ‘Oj addtn ﬂ G Con stonk .

(b) (5 points) Verify that there is no f with F = V f for F = z cos yi+xz sin yj+ x cos yk.
\-9 = (s Y), KT SInY), X Co6LY)))
3 curl (?) =(=-2XSmY), 0, 22 Sm) * (0,0,0)
=) ? s not conservotive

D ? hag |no Po\‘e“\-’(a\ ‘Q‘»\V\d:(ov\SJ




5. Consider the solid sphere 22 + y? + 22 < 1.

(a) (6 points) Assume that the density (mass per unit volume) is equal to z + 1. Find
the z-coordinate of the center of mass of the sphere.

E: the soltd ball xqs2 £l with dengidy pOX92) =2+\
m= ]| porgdv=|]f eedy= 1 2du+ff 14

“S 2d\ = 0 by Symmesvy (%)
+he w\'\’etﬁY‘aV\A 2 Ts odd with vespect to 2 \

the sold E s symmedric oloout the xy-plane

'->)W\=SSS 14V = Vo\(E)——'ﬂ \ ‘f;—

volume of sphere

2=l 2ecxs maus il e
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(b) (4 points) Assume that the density is equal to x + 1. Find the z-coordinate of the
center of mass of the sphere.

Stnce the coltd E vewocins +he Same upow Swoppiny +he
X-0xis awd +he ZT-axis, the onswer for port () Smould
be eﬂb\w\ to +the angwer for ?cxﬁ' a) .
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6. Consider the paraboloid surface P given by z =1 — (22 +9?), 0 < 22 + 9% < 1.
(a) (5 points) Find the area of the surface P.
The surkace P 18 Po\ro.me’rr'(teé \03
g FOg) = Y, 1=%=9).
The domatn D 15 gen by Xl‘r‘jl‘-\ .
9 Tz (L0, ~2%), By =(0,1.-29)

S rxxrg; (2%,29,1)

ren(P)= [ 448 = | 1RxTy1dA = J], Tateagcs SA

Ta polac coordtnotes, O 15 givew by 0£H£2T, 0=r2).

Jocobian
3 Avea(P)= SD:‘S; Jar+1- r“/ArAe ,—}f‘jg\ (sz-%AU\AB
U= ar+\

[ e s e )

(b) (5 points) Evaluate the surface integral

//F'ndS,
P

where P is the same paraboloid surface and F = i+ %j+ zk. As usual, n is the unit
normal to the surface (in the upward direction) and dS is the area element. The disc
at the bottom is not included in the surface.

f‘} 'z %(i)ﬂ?(?u.j\\=(i,_‘ﬂ,;‘\‘>‘l-“\13

o X Q (2%, 24, \) oriented upwwc\,

HGEENE (rum =(3 3 )y 0=

) T-a8 = ]| FRoup)- R dA={] 1dR= Areacmm;‘;;jk@




7. (10 points) The following four plots show vector fields or flows. It is assumed that the

vector field has no z-component and that the flow is the same in all planes parallel to
the x-y plane. Therefore the only component of the curl that can be nonzero is the z-
component. The z-axis is perpendicular to the plane of the paper and pointing towards
the sky.
For each of the points A to G, figure out if the z-component of the curl is negative, zero, or
positive. Read the titles of each plot carefully. It is important that D is located exactly on
the midline, where the flow flips direction. Likewise, it is significant that F' is the center.
Hint: consider loops of an appropriate shape and think in terms of Stokes’ theorem.
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The Siqn of the tme ?v\’regm\ SL\?-A?’ s guen as follows °
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lef+/ vight Sides = Zevo
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8. Consider the line integral

N, a
{L(;”+w)dl+(x”+w)d%

where C' is assumed to be a simple closed curve with positive orientation.

(a) (3 points) Calculate the line integral for the curve 2% + 3% = 1.

This pvo\o\ewx consders the Trfegrol of +he vortex £e\d

X
(\lu‘}\ ( X *0}1 ' x*‘\ )
The carve C s o circle centered ot the ortgm, octented

counterclock wise .

= ch)'d? =_l—ﬂ see Tock 3(2) M +he F?vxox\ exom focks note )

(b) (3 points) Evaluate and simplify

O ( N, 0(
or \z?+y?) Oy \a2+y?)

9@
s - } gz =2 o
P X.L_(_‘j'l on & Xz‘ﬁ"f' =) ‘b‘ﬁ b)‘

Gee TFoct 3(1) WM +the Tl exam focks wnotre)

( x+«; 09 N XY TR
(c) (4 points) Calculate the line integral for the ellipse T -+ L = 1.
2 2 2 2.
A o) F St - = ok =0 <|

o 25 6 24
=) The curve C encloses dwe oxign witW  Counterclockwise ortewtation -

= ch-c\? = (ee Tock 3(4) M +he Fnol exam facks wove)



9. The plane 3z + 6y + 2z = 7 slices the spherical surface 22 + y? + 22 = 4 into two parts.

(a) (2 points) Find the distance of the plane from the center of the sphere.
The center of +he gphere X'x {-& =4 Ts the ov(qin.
The dwctonce from (0,0.0) to the \)\ow\e 3K+ 6‘3* 22-F=0 18
|2-0+6-0420- %) : m
J 3+ 62t

(b) (8 points) Find the surface area of each part of the sphere.

Lefrt =4
We can rofote +the plane 3x+64+22=3 4o the plane 2=\
G ¢ #he sucface obove the plove 2=\

Sa : 4he Swr%ace below “we P\cme z=\

x*e11+%‘=4=) %=m on S (220)

Sy T chroxme\‘r’(%eA b3 ?“cwp = (X9, m)

On +he lerseckion : 2=\ 3 e = 4-2°=3

= The domon O T gven by xq €3

3 Area (S)) = “s. 144 = HD Ry | A
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—_ X Y
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_) \—\ = \ - \‘1 4 (\1 + \ = __2___
=) | Yy % T:S = 4—‘X1“1x 4- X’L‘jl l———_‘q.-x,__ ‘32



Area (S)) = | —2 A

D 4"‘)8—‘%;
In ?O\O\T coordmates, D T {We\r\ \:\3 0e6 £2T, 04rsedy.
M ﬁ 2 (SQCO\OTQV\ N \
> = . = -
fren (S\) SOS — r dvdo TLL u,,zduée
u=4-v
™ v u=\ 16 < 21 )
—So 24 \M=4 © So lAG = 4T

Aven.(S\) t Area(S.) = 4T- 2 =T 3 AcealS2) = (6T -AvealS) =27

Aceo ot §‘>\n~ef‘€
= The aveas of Si and S5 ave (4T and 12T




